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Abstract: In this paper, we consider multiple attribute group decision making (MAGDM) problems
in which the attribute values take the form of intuitionistic uncertain linguistic variables. Based on
Hamacher operations, we developed several Hamacher aggregation operators, which generalize
the arithmetic aggregation operators and geometric aggregation operators, and extend the algebraic
aggregation operators and Einstein aggregation operators. A number of special cases for the two
operators with respect to the parameters are discussed in detail. Also, we developed an intuitionistic
uncertain linguistic generalized Hamacher hybrid weighted average operator to reflect the importance
degrees of both the given intuitionistic uncertain linguistic variables and their ordered positions.
Based on the generalized Hamacher aggregation operator, we propose a method for MAGDM for
intuitionistic uncertain linguistic sets. Finally, a numerical example and comparative analysis with
related decision making methods are provided to illustrate the practicality and feasibility of the
proposed method.
Keywords: intuitionistic uncertain linguistic sets; Hamacher aggregation operator; multiple attribute
group decision making
1. Introduction
In many situations, decision information includes alternative performance measures that are
shown in the form of vague variables rather than precise numerical ones. There are many reasons for
this, such as time pressure, the level of technical knowledge, people’s limited expertise related to the
problem domain, and so on. As a result, the information involved in many decision making processes
includes a large amount of fuzzy information, for example, the fuzzy linguistic approach intuitionistic
fuzzy sets (Atanassov [1], interval-valued intuitionistic fuzzy sets (Atanassov and Gargov [2]), type-2
fuzzy sets (Dubois and Prade [3], Mizumoto and Tanaka [4]), type-n fuzzy sets (Dubois and Prade [3]),
fuzzy multisets (Yager [5]), hesitant fuzzy sets (Torra and Narukawa [6]), Pythagorean fuzzy sets
(Yager [7,8]), and uncertain variable sets. Especially, since the introduction of intuitionistic fuzzy
sets and interval-valued intuitionistic fuzzy sets, intuitionistic fuzzy set theory has been extensively
researched and applied in a wide range of fields, including similarity measures (Li and Cheng [9],
Xu and Yager [10]), distance measures (Merigó et al. [11–13], Szmidt et al. [14], Tian et al. [15]), linguistic
decision making (Yu et al. [16]), aggregation operators (Li [17], Hayat [18], Malik [19], Wang et al. [20],
Wang and Liu [21]), and models for multiple attribute group decision making (MAGDM) (Li [22],
Nie et al. [23], Peng et al. [24], Yu et al. [25], Zeng et al. [26,27], Morente-Molinera et al. [28],
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Idrus et al. [29], Bagga et al. [30], Carrasco et al. [31]). On the other hand, decision information with
uncertain linguistic information has also attracted a great deal of attention over the last decades. Xu [32]
developed the uncertain linguistic OWA (ordered weighted averaging) operator and uncertain linguistic
hybrid aggregation operator. Wei [33] presented a method based on the uncertain linguistic hybrid
geometric mean operator. Suo et al. [34] studied the DEMATEL method under uncertain linguistic
environments. Peng and Ye [35] developed a number of induced uncertain pure linguistic geometric
aggregation operators. For further research on this topic, refer to Peng et al. [36], Tao et al. [37],
Wang et al. [38], Pamučar et al. [39–41], Liu et al. [42], Si et al. [43], and Stanković et al. [44].
An interesting generalization of the intuitionistic fuzzy sets with linguistic variable information,
called the intuitionistic linguistic set was developed by Wang and Li [45]. The intuitionistic linguistic
set is the generalization of the intuitionistic fuzzy set and the linguistic label variable to more accurately
describe the fuzzy information. Furthermore, Liu and Jin [11] and Liu and Zhang [46] introduced the
concept of intuitionistic uncertain linguistic sets and intuitionistic uncertain linguistic numbers, which
take uncertainty on the basis of intuitionistic linguistic sets into consideration.
The intuitionistic uncertain linguistic variables have the following important advantages.
Firstly, the intuitionistic uncertain linguistic variables express fuzzy information more accurately
than the uncertain linguistic variables. Generally, the uncertain linguistic variables are an easy
way to express the qualitative information. We can select an uncertain linguistic term from the
uncertain linguistic set to show the evaluation information alternatives. In application, however,
this method is not accurate because the uncertain linguistic variables only provide a range of
options. Therefore, at this point we can use the intuitionistic uncertain linguistic variables to
express the alternatives more accurately by selecting an uncertain linguistic term that is closer to
the evaluation information. Then, we give the membership degree and non-membership degree to
the uncertain linguistic term. For example, we want to evaluate the performance of a computer by
S =
{
s0 = very poor, s1 = poor, s2 = medium, s3 = good, s4 = very good
}
, which is a given linguistic set.
In this situation, we think the performance evaluation result is higher than s2 and lower than s4, that is
between “medium” and “very good”. In general, we can use the uncertain linguistic variables [s2, s3]
and [s3, s4] to express the result. However, the range is not accurate. Thus, we can use an intuitionistic
uncertain linguistic number for the computer evaluation. For the uncertain linguistic variable [s3, s4],
we can give the membership degree 0.9 and non-membership degree 0.1 to [s3, s4]. Therefore, the
intuitionistic uncertain linguistic number is < [s3, s4], (0.9, 0.1) >. Of course, if we use the uncertain
linguistic variable [s2, s3], it cannot express the evaluation information adequately. The intuitionistic
uncertain linguistic numbers consider not only the uncertain nature of decision information, but
take the membership degree and non-membership degree of the uncertain linguistic variables into
consideration, therefore, it can express fuzzy information more accurately than uncertain linguistic
variables. Clearly, the intuitionistic uncertain linguistic variables can express fuzzy information more
directly than intuitionistic fuzzy information. In terms of distance measures and aggregation operators,
Bi et al. [47] presented various distance measures for intuitionistic uncertain linguistic sets and applied
them to group decision making. Wang et al. [48] introduced an intuitionistic uncertain linguistic
new aggregation operator. Combining the interval-valued intuitionistic fuzzy sets and linguistic
information, Peng and Ye [49] further proposed several methods for aggregating interval-valued
intuitionistic pure linguistic information.
The intuitionistic fuzzy, intuitionistic linguistic and intuitionistic uncertain linguistic aggregation
operators mentioned above are based on the algebraic operational rules of intuitionistic fuzzy numbers.
The algebraic product and algebraic sum are important components of the algebraic operation, which
is one type of operation that can be used for modelling the intersection and union of intuitionistic
fuzzy numbers (Tan et al. [50]). Xia et al. [51] proposed the operations of intuitionistic fuzzy sets
based on Archimedean s-norm and t-norm, which are generalizations of many other s-norms and
t-norms, such as algebraic, Einstein, Hamacher, and Frank s-norms and t-norms. They developed
intuitionistic fuzzy aggregation operators based on Archimedean s-norm and t-norm. Wang and
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Liu [52] developed intuitionistic fuzzy aggregation operators based on Einstein operations. Motivated
by these ideas, Tao et al. [53] introduced a closed operational law for 2-tuple linguistic terms, which
operates without loss of information. In view of the fact that Hamacher s-norm and t-norm are
the generalization of algebraic and Einstein s-norm and t-norm, Liu [54] developed aggregation
operators for interval-valued intuitionistic fuzzy numbers based on Hamacher t-norm and s-norm.
Tan et al. [50] presented hesitant fuzzy Hamacher aggregation operators for multicriteria decision
making. Rong et al. [55] presented a group decision making method based on the intuitionistic fuzzy
generalized Hamacher aggregation operator.
However, in the existing literature few authors have researched MAGDM problems in an
intuitionistic uncertain linguistic environment based on Hamacher operations. Thus, this paper presents
an approach to MAGDM based on generalized Hamacher aggregation operators for intuitionistic
uncertain linguistic sets. The rest of this paper is structured as follows. In Section 2, we introduce the
concept of intuitionistic uncertain linguistic sets (IULSs) and intuitionistic uncertain linguistic numbers
(IULNs), the Hamacher t-norm and s-norm, and special cases. In Section 3, we establish Hamacher
operations of IULSs and their characteristics based on Hamacher t-norm and s-norm, and further
develop several Hamacher aggregation operators for IULSs including ULGHWA (uncertain linguistic
generalized Hamacher weighted average), IULGHOWA (intuitionistic uncertain linguistic generalized
Hamacher ordered weighted average), HIULWGA (Hamacher intuitionistic uncertain linguistic
weighted geometric average), HIULOWA (Hamacher intuitionistic uncertain linguistic ordered
weighted average), HIULOWGA (Hamacher intuitionistic uncertain linguistic ordered weighted
geometric average) and IULGHHWA (intuitionistic uncertain linguistic generalized Hamacher hybrid
weighted average) operators. In Section 4, we propose a method for MAGDM with intuitionistic
uncertain linguistic information based on the generalized Hamacher aggregation operator. Section 5
gives an illustrative example to show the feasibility and practicability of the developed approach,
and provides a comparative analysis to discuss the effect on the results when the parameters λ and ζ
taking different values also include other related group decision-making methods. Finally, the main
conclusions of this paper are summarized in Section 6.
2. Preliminaries
2.1. Intuitionistic Uncertain Linguistic Sets
Let S = {sα|α = 0, 1, 2, · · · , 2t } be a finite and totally ordered discrete term set, where sα represents
a possible value for a linguistic variable. For example, S can be defined as:
S =
{
s0 = very poor, s1 = poor, s2 = slightly poor, s3 = medium,
s4 = slightly good, s5 = good, s6 = very good
}
,
which satisfies the following characteristics (Herrera et al. [56,57]):
(1) The set is ordered: sα > sβ if and only if α > β;
(2) There is the negative operator: neg(sα) = s2t−α. Especially, neg(s0) = s0;
(3) Max operator: max(sα, sβ) = sα if sα > sβ;
(4) Min operator: min(sα, sβ) = sα if sα < sβ.
To preserve all the decision information, Herrera et al. [56] and Xu [32] extended the discrete label
set S to a continuous label set S̃ =
{
sα
∣∣∣α ∈ [0, 2q] }, satisfied the characteristics above, and q(q > t) is
a sufficiently large positive number. We call sα the original linguistic label when sα ∈ S, otherwise,
we call it the virtual linguistic label. The original linguistic labels are used to evaluate attributes and
alternatives while the virtual linguistic labels may appear in the calculation.
Xu [32] proposed the concept of uncertain linguistic variable, which can be defined as follows:
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Definition 1. Let s̃ = [sα, sβ], sα, sβ ∈ S̃, sα and sβ are the lower and the upper limits, respectively, then s̃ is
called an uncertain linguistic variable. However, s̃ is a real linguistic variable, if sα = sβ.
Based on the concept of the intuitionistic linguistic set (ILS) (Wang and Li [45]) and uncertain
linguistic variables (Xu [32]), Liu and Jin [11] presented the intuitionistic uncertain linguistic set (IULS),
which can be defined as follows:
Definition 2. An intuitionistic uncertain linguistic set in X is given as:
A =
{
< x[[sα(x), sβ(x)], (µA(x), νA(x))] > |x ∈ X
}
(1)
where [sα(x), sβ(x)] ∈ S̃, µA(x) : X→ [0, 1] and νA(x) : X→ [0, 1] with the condition of 0 ≤ µA(x) + νA(x) ≤
1, ∀x ∈ X, µA(x) and νA(x) represent the membership degree and non-membership degree of the element x to
the uncertain linguistic variable [sα(x), sβ(x)], respectively. πA(x) = 1− µA(x) − νA(x), ∀x ∈ X, is called the
degree of indeterminacy of the element x to the uncertain linguistic variable [sα(x), sβ(x)].
For an intuitionistic uncertain linguistic set A, Liu and Jin [11] further defined the intuitionistic
uncertain linguistic variables, also called the intuitionistic uncertain linguistic numbers (IULNs),
which can be expressed as the quaternion < [sα(x), sβ(x)], (µA(x), νA(x)) >. Therefore, the intuitionistic
uncertain linguistic set A can be denoted by A =
{
< [sα(x), sβ(x)], (µA(x), νA(x)) > |x ∈ X
}
. At this point,
the intuitionistic uncertain linguistic set A can be viewed as a collection of intuitionistic uncertain
linguistic variables.
For any two intuitionistic uncertain linguistic variables α1 and α2, the operational laws are defined
as follows (Liu and Jin [11], Liu and Zhang [46]):
λα1=< [sλα(x1), sλβ(x1)], (1− (1− µA(x1))
λ, (νA(x1))
λ) >, λ ≥ 0
αλ1=< [s(α(x1))λ , s(β(x1))λ ], ((µA(x1))
λ, 1− (1− νA(x1))
λ) >, λ ≥ 0 (2)
α1 ⊕ α2=< [sα(x1)+α(x2), sβ(x1)+β(x2)], (µA(x1) + µA(x2) − µA(x1)µA(x2), νA(x1)νA(x2)) >
α1 ⊗ α2=< [sα(x1)×α(x2), sβ(x1)×β(x2)], (µA(x1)µA(x2), νA(x1) + νA(x2) − νA(x1)νA(x2)) > (3)
Recently, Wang et al. [48] defined several new operational laws of intuitionistic uncertain linguistic
variables based on Archimedean t-norm and s-norm as follows:
λα1=< [sα(x1), sβ(x1)], (1− (1− µA(x1))
λ, (νA(x1))
λ) >, λ ≥ 0
αλ1=< [sα(x1), sβ(x1)], ((µA(x1))
λ, 1− (1− νA(x1))
λ) >, λ ≥ 0 (4)









(µA(x1) + µA(x2) − µA(x1)µA(x2), νA(x1)νA(x2)) >









(µA(x1)µA(x2), νA(x1) + νA(x2) − νA(x1)νA(x2)) >
(5)
Comparing the operational laws of intuitionistic uncertain linguistic variables Equations (4)–(5)
above, we find the intuitionistic parts in the quaternion are the same as Equations (2)–(3) while the
uncertain linguistic parts are quite different. The main advantages of Equations (4)–(5) are that they
take the Archimedean t-norm and s-norm into consideration, and also overcome the transgression
of the uncertain linguistic parts in the quaternion. The results of Equations (4)–(5) are more in line
with decision makers’ intuition. Therefore, Equations (4)–(5) are superior to Equations (2)–(3) in
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uncertain decision environments, especially in terms of closure. Moreover, Wang et al. [48] defined
the operational laws of any two intuitionistic uncertain linguistic variables, such as commutativity
and linearity.
2.2. Hamacher T-Norm and S-Norm
Archimedean t-norm and t-conorm (or s-norm) are generalizations of other t-norms and s-norms,
such as Algebraic, Einstein, Hamacher and Frank t-norms and s-norms. Among them, the Hamacher
t-norm and s-norm can be viewed as a generalization of the algebraic sum and product, and Einstein
t-norm and s-norm. The Hamacher t-norm and s-norm [58] can be defined as follows:
Tζ(x, y) =
xy
ζ+ (1− ζ)(x + y− xy)
, ζ > 0 (6)
Sζ(x, y) =
x + y− xy− (1− ζ)xy
1− (1− ζ)xy
, ζ > 0 (7)
In particular, when ζ = 1, then the Hamacher t-norm and s-norm reduce to Algebraic t-norm
T(x, y) = xy and s-norm S(x, y) = x + y − xy; when ζ = 2, then the Hamacher t-norm and s-norm
reduce to Einstein t-norm T(x, y) = xy1+(1−x)(1−y) and s-norm S(x, y) =
x+y
1+xy , respectively.
Suppose ã1 = (a1, b1) and ã2 = (a2, b2) are two IFVs, in fact, as a wide application of Algebraic
t-norm and s-norm, the algebraic product ã1 ⊗ ã2 and the algebraic sum ã1 ⊕ ã2 on two intuitionistic
fuzzy numbers ã1 and ã2 can be obtained by defining t-norm and s-norm. When T(x, y) = xy and
S(x, y) = x + y − xy, we have the operational laws between the two IFVs given by Atanassov [1],
Xu [59] and Xu and Yager [60].
3. Hamacher Operations of Intuitionistic Uncertain Linguistic Sets
In the Section, we introduce the operational rules and aggregation operators based on Hamacher
t-norm and s-norm with intuitionistic uncertain linguistic information.
3.1. The Operational Rules Based on Hamacher T-Norm and S-Norm
Based on the operational laws of intuitionistic uncertain linguistic variables Equations (4)–(5)
and Hamacher t-norm and s-norm Equations (6) and (7), we propose the operational rules of two
intuitionistic uncertain linguistic variables.
If α1 =< [sα(x1), sβ(x1)], (µ(x1), ν(x1)) > and α2 =< [sα(x2), sβ(x2)], (µ(x2), ν(x2)) > are two
intuitionistic uncertain linguistic variables, ζ > 0, we can define the operational rules based on



































, λ ≥ 0
(9)
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in which, α1 ⊕h α2 and α1 ⊗h α2 represent the Hamacher sum and Hamacher product of two intuitionistic
uncertain linguistic variables, respectively.
Theorem 1. Let α j =< [sα(x j), sβ(x j)], (µ(x j), ν(x j)) >, j = 1, 2 are two intuitionistic uncertain linguistic
variables, ζ > 0, we have:
(1) α1 ⊕h α2 = α2 ⊕h α1 (12)
(2) α1 ⊗h α2 = α2 ⊗h α1 (13)
(3) λ(α1 ⊕h α2) = λα1 ⊕h λα2, λ > 0 (14)
(4) λ1α1 ⊕h λ2α1 = (λ1 + λ2)α1, λ1,λ2 > 0 (15)
(5) α1λ ⊗h α2
λ = (α1 ⊗h α2)
λ, λ > 0 (16)
(6) α1λ1 ⊗h α1
λ2 = (α1)
λ1+λ2 , λ1,λ2 > 0 (17)
The desirable properties of the Hamacher sum and Hamacher product of intuitionistic uncertain
linguistic variables above, can be proved as follows.
Proof. According to Equations (10) and (11), we have (1) and (2). For (3), according to Equations (8)
and (10), we have













































































































= λα1 ⊕h λα2

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For (4) and (5–6), according to Equations (8) and (10), Equations (9) and (11), the proofs are similar
to that of (3), and are not replicated here.
3.2. The Intuitionistic Uncertain Linguistic Generalized Hamacher Aggregation Operators
Definition 3. Let α j =< [sα(x j), sβ(x j)], (µ(x j), ν(x j)) >, j = 1, 2, · · · , n be a collection of intuitionistic
uncertain linguistic variables, and IULGHWA: Ωn → Ω , then







where Ω is the set of intuitionistic uncertain linguistic variables, λ > 0, ω = (ω1,ω2, · · · ,ωn)
T is the weighting
vector of the α j, and ω j ∈ [0, 1],
n∑
j=1
ω j = 1, then IULGHWA is called the intuitionistic uncertain linguistic
generalized Hamacher weighted average (IULGHWA) operator.
Definition 4. Let α j =< [sα(x j), sβ(x j)], (µ(x j), ν(x j)) >, j = 1, 2, · · · , n be a collection of intuitionistic
uncertain linguistic variables, and IULGHOWA: Ωn → Ω that has an associated n vector w =
(w1, w2, · · · , wn)
T such that w j ∈ [0, 1],
n∑
j=1
w j = 1 and





where Ω is the set of intuitionistic uncertain linguistic variables, λ > 0, (σ1, σ2, · · · , σn) is a permutation of
(1, 2, · · · , n), such that ασ j−1 ≥ ασ j for ∀ j, then IULGHOWA is called the intuitionistic uncertain linguistic
generalized Hamacher ordered weighted average (IULGHOWA) operator.
Remark 1. The IULGHWA and IULGHOWA operators have desirable properties such as boundary, idempotency
and commutativity; the proof process is omitted here.
As we can see, the two aggregation operators above are very suitable for dealing with situations
where the input arguments are represented in intuitionistic uncertain linguistic numbers (IULNs).
At the same time, both the operators have two parameters λ and ζ, therefore, in the following, some
special cases for the two operators with respect to the parameters λ and ζ can be discussed in detail.
(1) If λ = 1, then the IULGHWA operator (18) will be reduced to the Hammer intuitionistic
uncertain linguistic weighted averaging (HIULWA) operator, and




j=1 ω jα(x j)
, s∑n
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When ζ = 1, Equation (20) will be reduced to the intuitionistic uncertain linguistic weighted
averaging (IULWA) operator, which is defined by Wang et al. [48] and Liu and Zhang [46]. By using
Equation (20), we have
IULWA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 ω jα(x j)
, s∑n













• When ζ = 2, Equation (20) will be reduced to the Einstein intuitionistic uncertain linguistic
weighted averaging (EIULWA) operator:
EIULWA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 ω jα(x j)
, s∑n




































(2) If λ→ 0 , then the IULGHWA operator (18) will be reduced to the Hammer intuitionistic
uncertain linguistic weighted geometric averaging (HIULWGA) operator, and




j=1 ω jα(x j)
, s∑n



































• When ζ = 1, Equation (23) will be reduced to the intuitionistic uncertain linguistic weighted
geometric averaging (IULWGA) operator which is defined by Liu and Jin [11]. By using Equation
(23), we have
IULWGA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 ω jα(x j)
, s∑n













• When ζ = 2, Equation (24) will be reduced to the Einstein intuitionistic uncertain linguistic
weighted geometric averaging (EIULWGA) operator:
EIULWGA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 ω jα(x j)
, s∑n
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(3) If λ = 1, then the IULGHOWA operator (19) will be reduced to the Hammer intuitionistic uncertain
linguistic ordered weighted averaging (HIULOWA) operator, and




j=1 w jα(xσ j )
, s∑n



































• When ζ = 1, Equation (26) will be reduced to the intuitionistic uncertain linguistic ordered
weighted averaging (IULOWA) operator which is defined by Liu and Zhang [46]. By using
Equation (26), we have
IULOWA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 w jα(xσ j )
, s∑n













• When ζ = 2, Equation (26) will be reduced to the Einstein intuitionistic uncertain linguistic
ordered weighted averaging (EIULOWA) operator:
EIULOWA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 w jα(xσ j )
, s∑n




































(4) If λ→ 0 , then the IULGHOWA operator (19) will be reduced to the Hammer intuitionistic uncertain
linguistic ordered weighted geometric averaging (HIULOWGA) operator, and




j=1 w jα(xσ j )
, s∑n



































• When ζ = 1, Equation (29) will be reduced to the intuitionistic uncertain linguistic ordered
weighted geometric averaging (IULOWGA) operator which is defined by Liu and Jin [11].
By using Equation (29), we have
IULOWGA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 w jα(xσ j )
, s∑n
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• When ζ = 2, Equation (29) will be reduced to the Einstein intuitionistic uncertain linguistic
ordered weighted geometric averaging (EIULOWGA) operator:
EIULOWGA(α1,α2, · · · ,αn) =
〈[
s∑n
j=1 w jα(xσ j )
, s∑n




































Through the analysis above, we know that the IULGHWA operator weights the intuitionistic
uncertain linguistic variables while the IULGHOWA operator weights the ordered positions of the
intuitionistic uncertain linguistic variables instead of weighting the variables themselves. That is,
weights represent different aspects in both of the two operators. Therefore, we propose a generalized
Hamacher hybrid operator to overcome this drawback, which is defined as follows:
Definition 5. Let α j =< [sα(x j), sβ(x j)], (µ(x j), ν(x j)) >, j = 1, 2, · · · , n be a collection of the
intuitionistic uncertain linguistic variables, and IULGHHWA: Ωn → Ω that has an associated n vector
w = (w1, w2, · · · , wn)
T such that w j ∈ [0, 1],
n∑
j=1
w j = 1 and




(w jβσ j) (32)
where Ω is the set of intuitionistic uncertain linguistic variables, βσ j is the jth largest of the βj value
(β j = nω jα j =< [sα̃(x j), sβ̃(x j)], (µ̃(x j), ν̃(x j)) >, j = 1, 2, · · · , n), ω = (ω1,ω2, · · · ,ωn)
T is the weighting
vector of the α j, and ω j ∈ [0, 1],
n∑
j=1
ω j = 1, n is the balancing coefficient. (σ1, σ2, · · · , σn) is a permutation of
(1, 2, · · · , n), such that ασ j−1 ≥ ασ j for ∀ j, then IULGHHWA is called the intuitionistic uncertain linguistic
generalized Hamacher hybrid weighted average (IULGHHWA) operator.
Theorem 2. Let α j =< [sα(x j), sβ(x j)], (µ(x j), ν(x j)) >, j = 1, 2, · · · , n be a collection of the intuitionistic
uncertain linguistic variables, then




j=1 w jα̃(xσ j )
, s∑n






















































































in which, (σ1, σ2, · · · , σn) is a permutation of (1, 2, · · · , n), such that ασ j−1 ≥ ασ j for ∀ j, ζ > 0,
φ̃ j = (1 + (ζ− 1)(1− µ̃(x j)))
λ + (ζ2 − 1)µ̃(x j)
λ,
ϕ̃ j = (1 + (ζ− 1)(1− µ̃(x j)))
λ
− µ̃(x j)
λ, ϑ̃ j = (1 + (ζ− 1)̃ν(x j))
λ + (ζ2 − 1)(1− ν̃(x j))
λ,
ψ̃ j = (1 + (ζ− 1)̃ν(x j))
λ





(1 + (ζ− 1)(1− µ(x j)))
nω j + (ζ− 1)µ(x j)
nω j ,
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ν̃(x j) =
(1 + (ζ− 1)ν(x j))
nω j − (1− ν(x j))
nω j
(1 + (ζ− 1)ν(x j))
nω j + (ζ− 1)(1− ν(x j))
nω j .
Theorem 2 can be proved by mathematical induction, shown as follows:
Proof.
(1) When n = 1, we can know w1 = 1, ω1 = 1, for the left side of Equation (33),
IULGHHWA(α1,α2, · · · ,αn) = βσ1 = ασ1 = α1 =< [sα(x1), sβ(x1)], (µ(x1), ν(x1)) >






(φ1 + (ζ2 − 1)ϕ1)








(ϑ1 + (ζ2 − 1)ψ1)




=< [sα(x1), sβ(x1)], (µ(x1), ν(x1)) >,
in which,
φ1 = (1 + (ζ− 1)(1− µ(x1)))
λ + (ζ2 − 1)µ(x1)
λ,
ϕ1 = (1 + (ζ− 1)(1− µ(x1)))
λ
− µ(x1)
λ,ϑ1 = (1 + (ζ− 1)ν(x1))
λ + (ζ2 − 1)(1− ν(x1))
λ,




Therefore, Equation (33) holds for n = 1.
(2) Assume that Equation (33) holds for n = k, we have




j=1 w jα̃(xσ j )
, s∑k






















































































when n = k + 1,
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Therefore, when n = k + 1, Equation (33) holds.
(3) According to steps 1 and 2, we get Equation (33) which holds for any n.

Remark 2. Let ω = ( 1n ,
1




and w = ( 1n ,
1




, the IULGHWA and IULGHOWA operators are
the special cases of the IULGHHWA operator, respectively.
From the analysis above, we know that the IULGHHWA operator generalizes both the IULGHWA
and IULGHOWA operators, and reflects the importance degrees of both the given intuitionistic
uncertain linguistic variables and their ordered positions.
4. An Approach to MAGDM Based on the Generalized Hamacher Operator with Intuitionistic
Uncertain Linguistic Information
In this Section, we consider a MAGDM problem based on the generalized Hamacher aggregation
operator with intuitionistic uncertain linguistic information. Let X = {x1, x2, · · · , xn} be a discrete set
of alternatives, G =
{
g1, g2, · · · , gl
}
be the set of attributes, and ω = (ω1,ω2, · · · ,ωl)
T be the weight
vector of attributes, where ωi ∈ [0, 1], i = 1, 2, · · · , l,
l∑
i=1
ωi = 1. Let dk ∈ D = {d1, d2, ..., dm} and
u = (u1, u2, · · · , um)
T be the set of decision makers (DMs) and the weight vector of DMs, respectively,
with the condition uk ≥ 0,
m∑
k=1
uk = 1. Suppose A(k) = (α
(k)
i j )l×n
is the decision matrix, where
α
(k)
i j =< [sαkx(i j)
, sβk
x(i j)
], (µkx(i j), ν
k
x(i j)) > takes the form of intuitionistic uncertain linguistic variables,
which is provided by the DMs dk(k = 1, 2, · · · , m) over all the alternatives x j ∈ X( j = 1, 2, · · · , n) with
respect to the attribute gi ∈ G, and 0 ≤ µkx(i j) ≤ 1, 0 ≤ ν
k
x(i j) ≤ 1, µ
k
x(i j) + ν
k
x(i j) ≤ 1, [sαkx(i j)
, sβk
x(i j)
] ∈ S̃. Next,
we propose a method for MAGDM with intuitionistic uncertain linguistic information based on the
generalized Hamacher aggregation operator as follows:
Step 1: First, we normalize the intuitionistic uncertain linguistic variable to unify all attributes,
unless all the attributes have the same measurement unit or belong to the maximizing attribute.
Suppose that the decision matrix A(k) = (α(k)i j )l×n
is normalized into the corresponding matrix
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Â(k) = (α̂(k)i j )l×n
, i = 1, 2, · · · , l, j = 1, 2, · · · , n. For the minimizing attribute, the normalization formula
is α̂(k)i j =< [neg(sβ̂kx(i j)
), neg(sα̂k
x(i j)
)], (ν̂kx(i j), µ̂
k
x(i j)) >.
Step 2: Aggregate all the decision matrices Â(k) = (α̂(k)i j )l×n
, k = 1, 2, · · · , m into the collective
intuitionistic uncertain linguistic decision matrix Â = (α̂i j)l×n by using the IULGHHWA operator:




i j , α̂
(2)





Step 3: By using the IULGHHWA operator to derive the collective overall preference values α̂ j
( j = 1, 2, · · · , n):
α̂ j = IULGHHWA
(
α̂1 j, α̂2 j, · · · , α̂l j
)
(35)
Step 4: Calculate the expected value E(α̂ j) and accuracy function H(α̂ j) (if any) of the collective
overall preference values α̂ j ( j = 1, 2, · · · , n). For an intuitionistic uncertain linguistic variable
αi =< [sα(xi), sβ(xi)], (µ(xi), ν(xi)) >, the expected value E(αi) and accuracy function H(αi) are defined
as follows (Liu and Jin [11], Wang et al. [48]):
E(αi) =




[µ(xi) + ν(xi)][α(xi) + β(xi)]
2
(37)
To compare two intuitionistic uncertain linguistic variables α1 and α2, if E(α1) < E(α2), then
α1 < α2; if E(α1) = E(α2), then we need to further compare the accuracy function, if H(α1) < H(α2),
then α1 < α2 and if H(α1) = H(α2), then α1 = α2.
Step 5: Rank all the alternatives x j ∈ X( j = 1, 2, · · · , n) and select the best one(s) in accordance
with the expected value E(α̂ j) and accuracy function H(α̂ j).
Step 6: End.
5. Illustrative Example and Discussion
The choice of suppliers is an important decision in supply chain management. The purchasing
department of an overseas multi-national corporation plans to choose a suitable supplier in order to
improve the development of the organization. Therefore, the selection of an excellent supplier is a
very important process. Suppose there are four suppliers (alternatives) denoted by x j( j = 1, 2, 3, 4).
The four possible alternatives are to be evaluated by means of the intuitionistic uncertain linguistic
set A by three decision makers dk(k = 1, 2, 3). Meanwhile, the department must make a decision
according to the following three attributes, g1: risk analysis (risk identification, risk assessment and
risk management strategy); g2: development analysis (external management environment, enterprise
inner quality and resource conditions; g3: social-political impact analysis, which are weighted as
ω = (0.4, 0.4, 0.2)T. After a heated discussion about the suppliers with regard to the three attributes
mentioned above, the three decision makers came to a consensus on the decision matrix A(k), which
the takes the form of intuitionistic uncertain linguistic numbers, as listed in Tables 1–3, respectively.
Table 1. Decision matrix A(1) with IULNs.
x1 x2 x3 x4
g1 < [s1, s2], (0.5, 0.4) > < [s2, s3], (0.4, 0.5) > < [s2, s3], (0.5, 0.3) > < [s2, s3], (0.5, 0.3) >
g2 < [s1, s2], (0.5, 0.2) > < [s2, s4], (0.6, 0.2) > < [s2, s2], (0.4, 0.5) > < [s1, s1], (0.2, 0.4) >
g3 < [s2, s3], (0.4, 0.2) > < [s1, s2], (0.2, 0.3) > < [s1, s3], (0.2, 0.4) > < [s1, s2], (0.6, 0.1) >
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Table 2. Decision matrix A(2) with IULNs.
x1 x2 x3 x4
g1 < [s1, s1], (0.6, 0.4) > < [s1, s2], (0.4, 0.3) > < [s2, s2], (0.5, 0.2) > < [s2, s2], (0.4, 0.3) >
g2 < [s2, s3], (0.7, 0.1) > < [s1, s2], (0.5, 0.2) > < [s2, s3], (0.5, 0.5) > < [s2, s3], (0.4, 0.3) >
g3 < [s2, s2], (0.8, 0.2) > < [s1, s2], (0.4, 0.3) > < [s2, s2], (0.2, 0.4) > < [s3, s4], (0.7, 0.1) >
Table 3. Decision matrix A(3) with IULNs.
x1 x2 x3 x4
g1 < [s1, s2], (0.6, 0.3) > < [s2, s3], (0.5, 0.5) > < [s1, s2], (0.6, 0.3) > < [s1, s2], (0.4, 0.4) >
g2 < [s2, s3], (0.7, 0.3) > < [s1, s2], (0.7, 0.2) > < [s1, s2], (0.5, 0.5) > < [s1, s2], (0.3, 0.4) >
g3 < [s3, s4], (0.5, 0.2) > < [s1, s2], (0.2, 0.5) > < [s3, s4], (0.6, 0.4) > < [s2, s3], (0.6, 0.1) >
5.1. The Decision Making Procedure Using the Developed Method
Using the decision information above, and in view of the intuitionistic uncertain linguistic
MAGDM problem, by following the method developed in Section 4, the decision making procedure is
solved based on the generalized Hamacher aggregation operator as follows:
Step 1: Because all the attributes have the same measurement unit and belong to the maximizing
attribute, it is not necessary to normalize the decision information.
Step 2: By utilizing Equation (34), we aggregate the decision matrices A(k) = (α(k)i j )3×4
, k = 1, 2, 3
into the collective intuitionistic uncertain linguistic decision matrix A = (αi j)3×4 by using the
IULGHHWA operator (the weight vector w = (0.2429, 0.5142, 0, 2429)T associated with which is
derived by the Gaussian distribution based method (Xu [61]). Without loss of generality, let λ = 1 and
ζ = 2.
A = (αi j)3×4=

〈
[s1, s2.3], (0.46, 0.28)
〉 〈
[s2, s3.6], (0.45, 0.33)
〉 〈
[s2, s2.5], (0.35, 0.49)
〉 〈
[s1.3, s1.8], (0.36, 0.44)
〉〈
[s1.8, s2.4], (0.76, 0.2)
〉 〈
[s1, s2.1], (0.43, 0.29)
〉 〈
[s2.1, s2.7], (0.41, 0.45)
〉 〈
[s2.3, s3], (0.48, 0.28)
〉〈
[s2, s3], (0.66, 0.32)
〉 〈
[s1.3, s2.4], (0.58, 0.38)
〉 〈
[s1.3, s2.4], (0.5, 0.49)
〉 〈
[s1.2, s2.3], (0.38, 0.35)
〉

Step 3: Furthermore, calculating the collective overall preference values α j ( j = 1, 2, 3, 4) by
using the IULGHHWA operator (suppose the weight vector of DMs u = (u1, u2, u3)
T = (0.3, 0.5, 0.2)T,
let λ = 1 and ζ = 2), we can calculate:
α1 =< [s1.9, s2.8], (0.71, 0.28) >, α2 =< [s1.4, s2.8], (0.46, 0.38) >,
α3 =< [s2, s2.6], (0.39, 0.54) >, α4 =< [s2.2, s3], (0.4, 0.39) > .
Step 4: Calculate the expected value E(α j) of the collective overall preference values α j ( j =
1, 2, 3, 4):
E(α1) = 1.68, E(α2) = 1.13, E(α3) = 0.98, E(α4) = 1.31.
Step 5: Rank all the alternatives x j ∈ X( j = 1, 2, 3, 4) and select the best one(s) in accordance with
the expected value E(α j):
E(α1)  E(α4)  E(α2)  E(α3)
Thus, the corresponding order is x1  x4  x2  x3, and the best supplier (alternative) is x1. This is
the supplier that the purchasing department of the overseas multi-national corporation should choose
to maximize development.
5.2. Comparative Analysis and Discussion
We take λ = 1 and ζ = 1 in steps 2 and 3 to rank the alternatives in the example above, as presently
the intuitionistic uncertain linguistic generalized Hamacher hybrid weighted average (IULGHHWA)
operator will be reduced to the intuitionistic uncertain linguistic hybrid weighted averaging (IULHWA)
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operator which is defined by Liu and Zhang [46]. When λ = 1 and ζ = 1, by utilizing Equation (34),
we can calculate the collective intuitionistic uncertain linguistic decision matrix as follows:
A = (αi j)3×4=

〈
[s1, s2.3], (0.5, 0.24)
〉 〈
[s2, s3.6], (0.53, 0.28)
〉 〈
[s2, s2.5], (0.42, 0.42)
〉 〈
[s1.3, s1.8], (0.38, 0.26)
〉〈
[s1.8, s2.4], (0.71, 0.17)
〉 〈
[s1, s2.1], (0.48, 0.25)
〉 〈
[s2.1, s2.7], (0.48, 0.38)
〉 〈
[s2.3, s3], (0.47, 0.23)
〉〈
[s2, s3], (0.67, 0.27)
〉 〈
[s1.3, s2.4], (0.62, 0.32)
〉 〈
[s1.3, s2.4], (0.56, 0.42)
〉 〈
[s1.2, s2.3], (0.39, 0.28)
〉

Furthermore, we can calculate the collective overall preference values α j ( j = 1, 2, 3, 4):
α1 =< [s1.9, s2.8], (0.7, 0.22) >, α2 =< [s1.4, s2.8], (0.56, 0.29) >
α3 =< [s2, s2.6], (0.52, 0.41) >, α4 =< [s2.2, s3], (0.46, 0.26) >
Rank the alternatives x j ∈ X( j = 1, 2, 3, 4) in accordance with the expected value
E(α1) = 1.74, E(α2) = 1.33, E(α3) = 1.28, E(α4) = 1.56.
Therefore, we obtain the same result as found in Section 5.1, and the corresponding order is still
x1  x4  x2  x3, that is, the best supplier (alternative) is x1.
Next, we take λ→ 0 for the Hammer geometric averaging operator in a similar way. At present,
when ζ = 1, the operators are intuitionistic uncertain linguistic ordered weighted geometric averaging
(IULOWGA) (Liu and Jin [11]) and Algebraic aggregation operator, and when ζ = 2, the operator is
the Einstein aggregation operator. Moreover, we consider a comparative analysis with other related
group decision making methods such as Xian et al. [62], Wang et al. [48], the corresponding order and
the best alternative is x1, which is the same as the result of the developed method.
In this section, we have discussed the effect on the results when the parametersλ and ζ take different
values based on IULGHHWA operator. More concretely, it will be reduced to the IULGHWA and
IULGHOWA operator when ω = ( 1n ,
1




and w = ( 1n ,
1




, respectively. The generalized
Hamacher aggregation operators developed in this paper not only extend the existing methods that
have been proposed by Liu and Zhang [46] and Liu and Jin [11], but also the generalized intuitionistic
uncertain linguistic arithmetic\geometric averaging operators and algebraic\Einstein aggregation
operators. They provide very general formulations that include a broad range of aggregation operators
for intuitionistic uncertain linguistic information as special cases, including all arithmetic aggregation
operators, geometric aggregation operators, the Algebraic aggregation operators IULWGA (Liu and
Jin [11]), IULWA (Wang et al. [48] and Liu and Zhang [46]) and Einstein aggregation operators (EIULWA,
EIULWGA, EIULOWA). Therefore, they can easily accommodate the environment in which the given
arguments are different values.
6. Concluding Remarks
In this paper, we have presented the theory and application of Archimedean t-norm and s-norm
based on intuitionistic uncertain linguistic sets. The existing aggregation operators for intuitionistic
uncertain linguistic sets are mostly based on algebraic t-norm and s-norm. For further study, we have
developed several new aggregation operators for intuitionistic uncertain linguistic sets based on
Hamacher t-norm and s-norm, such as IULGHWA, IULGHOWA, HIULWGA, HIULOWA, HIULOWGA
and IULGHHWA operators, and the properties of these operators have been investigated. Moreover,
we have provided a numerical example and a comparative analysis with related decision-making
methods to illustrate the practicality and feasibility of the developed method.
In future research, we expect to develop further extensions by considering new characteristics,
including the distance measures in the problem and the application of such operational laws to other
types of linguistic fuzzy information such as unbalanced linguistic information, and hesitant fuzzy
linguistic sets. The application of the proposed methods in different fields such as data mining and
pattern recognition is also a potential research topic.
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